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THE FUNCTION (bx − ax)/x: RATIO’S PROPERTIES
BAI-NI GUO AND FENG QI
Abstract. In the paper, after reviewing the history, background, origin, and
applications of the functions b
t
−a
t
t
and e
−αt
−e
−βt
1−e−t
, we establish sufficient and
necessary conditions such that the special function e
αt
−e
βt
eλt−eµt
are monotonic,
logarithmic convex, logarithmic concave, 3-log-convex and 3-log-concave on R,
where α, β, λ and µ are real numbers satisfying (α, β) 6= (λ, µ), (α, β) 6= (µ, λ),
α 6= β and λ 6= µ.
1. Introduction
Recall [42, 43] that a k-times differentiable function f(t) > 0 is said to be k-log-
convex on an interval I if
0 ≤ [ln f(t)](k) <∞, k ∈ N (1)
on I; If the inequality (1) reverses then f is said to be k-log-concave on I.
For b > a > 0, let
Ga,b(t) =


bt − at
t
, t 6= 0;
ln b− ln a, t = 0.
(2)
In [47, 48], the complete monotonicity and inequality properties of Ga,b(t) were
first investigated. In [9, 29, 37, 38], the 3-log-convex and 3-log-concave properties
of Ga,b(t) were shown. The function Ga,b(t) has close relationships with the incom-
plete gamma function [20, 26, 27]. It was ever used to prove the Schur-convex prop-
erties [20, 26, 38], the logarithmic convexities [3, 4, 23, 24, 29, 38], the monotonic-
ity [44, 49] of the extended mean values. It was applied in [7, 30, 31, 32, 35, 36] to
construct Steffensen pairs. It was also employed in [41] to verify Elezovic´-Giordano-
Pecˇaric´’s theorem [6, Theorem 1] which is related to the monotonicity of a function
involving the ratio of two gamma functions. For more information, please refer
to [1, 27] and closely-related references therein.
For b > a > 0, let
Fa,b(t) =


t
ebt − eat
, t 6= 0;
1
b− a
, t = 0.
(3)
In [2, 8, 14, 19, 50, 51, 52], [5, p. 217] and [13, p. 295], the inequalities, monotonicity
and logarithmic convexities of the function Fa,b(t) for a = b− 1 and its logarithmic
derivatives of the first and second orders are established. In [14], the history,
background and origin of Fa,b(t) for a = b−1 and its first two logarithmic derivatives
were cultivated. In [12, 45, 46], the logarithmic derivative of Fa,b(t) for a = b−1 was
applied to study the complete monotonicity of remainders of the first Binet formula
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and the psi function. In [10, 15, 16, 17, 34], the function Fln a,ln b(t) was utilized
to generalize Bernoulli numbers and polynomials. In [9, 37], the 3-log-convex and
3-log-concave properties of Fa,b(t) were shown, among other things.
For real numbers α and β satisfying α 6= β, (α, β) 6= (0, 1) and (α, β) 6= (1, 0),
let
Qα,β(t) =


e−αt − e−βt
1− e−t
, t 6= 0;
β − α, t = 0.
(4)
In [11, 25, 28, 41], the monotonicity and logarithmic convexities of Qα,β(t) were
discussed and the following conclusions were procured:
(1) The functionQα,β(t) is increasing on (0,∞) if and only if (β−α)(1−α−β) ≥
0 and (β − α)(|α − β| − α− β) ≥ 0;
(2) The function Qα,β(t) is decreasing on (0,∞) if and only if (β − α)(1− α−
β) ≤ 0 and (β − α)(|α − β| − α− β) ≤ 0;
(3) The function Qα,β(t) is increasing on (−∞, 0) if and only if (β−α)(1−α−
β) ≥ 0 and (β − α)(2 − |α− β| − α− β) ≥ 0;
(4) The function Qα,β(t) is decreasing on (−∞, 0) if and only if (β − α)(1 −
α− β) ≤ 0 and (β − α)(2 − |α− β| − α− β) ≤ 0;
(5) The function Qα,β(t) is increasing on (−∞,∞) if and only if (β − α)(|α −
β| − α− β) ≥ 0 and (β − α)(2 − |α− β| − α− β) ≥ 0;
(6) The function Qα,β(t) is decreasing on (−∞,∞) if and only if (β − α)(|α−
β| − α− β) ≤ 0 and (β − α)(2 − |α− β| − α− β) ≤ 0;
(7) The function Qα,β(t) on (−∞,∞) is logarithmically convex if β − α > 1
and logarithmically concave if 0 < β − α < 1;
(8) If 1 > β − α > 0, then Qα,β(t) is 3-log-convex on (0,∞) and 3-log-concave
on (−∞, 0); if β − α > 1, then Qα,β(t) is 3-log-concave on (0,∞) and
3-log-convex on (−∞, 0).
The monotonicity of Qα,β(t) on (0,∞) was applied in [11, 18, 39, 40] to present
necessary and sufficient conditions such that some functions involving ratios of the
gamma and q-gamma functions are logarithmically completely monotonic. The log-
arithmic convexities of Qα,β(t) on (0,∞) was used in [33, 41] to supply alternative
proofs for Elezovic´-Giordano-Pecˇaric´’s theorem. For detailed information, please
refer to [21, 22] and related references therein.
The functions Ga,b(t), Fa,b(t) and Qα,β(t) have the following relations:
Ga,b(t) =
1
Fln a,ln b(t)
, Fa,b(t) =
1
Geb,ea(t)
,
Qα,β(t) =
Ge−α,e−β (t)
G1,e−1(t)
, Qα,β(t) =
F0,−1(t)
F−α,−β(t)
.
(5)
For real numbers α, β, λ and µ satisfying (α, β) 6= (λ, µ), (α, β) 6= (µ, λ), α 6= β
and λ 6= µ, let
Hα,β;λ,µ(t) =


eαt − eβt
eλt − eµt
, t 6= 0,
β − α
λ− µ
, t = 0.
(6)
For positive numbers r, s, u and v satisfying (r, s) 6= (u, v), (r, s) 6= (v, u), r 6= s and
u 6= v, let
Pr,s;u,v(t) =


rt − st
ut − vt
, t 6= 0,
ln r − ln s
lnu− ln v
, t = 0.
(7)
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It is clear that
Hα,β;λ,µ(t) = Peα,eβ ;eλ,eµ(t) and Pr,s;u,v(t) = Hln r,ln s;lnu,ln v(t). (8)
In addition, the functions Hα,β;λ,µ(t) and Pr,s;u,v(t) can be represented as ratios of
Ga,b(t), Fa,b(t) and Qα,β(t) as follows:
Hα,β;λ,µ(t) =
Fλ,µ(t)
Fα,β(t)
=
Q−α,−β
Q−λ,−µ
and Pr,s;u,v(t) =
Gr,s(t)
Gu,v(t)
. (9)
Since the functions Ga,b(t), Fa,b(t) and Qα,β(t) have a long history, a deep back-
ground and many applications to several areas, so we continue to study the mono-
tonicity and logarithmic convexities of their ratios, Hα,β;λ,µ(t) and Pr,s;u,v(t).
Our main results may be stated as follows.
Theorem 1. For real numbers α, β, λ and µ with (α, β) 6= (λ, µ), (α, β) 6= (µ, λ),
α 6= β and λ 6= µ, let
A = (α− β)(α + β − λ− µ), (10)
B = (α− β)(α + β − |α− β| − 2λ), (11)
C = (α− β)(α + β + |α− β| − 2λ), (12)
D = (α− β)(α + β + |α− β| − 2µ), (13)
E = (α− β)(α + β − |α− β| − 2µ). (14)
Then the function Hα,β;λ,µ(t) has the following properties:
(1) The function Hα,β;λ,µ(t) is increasing on (0,∞) if and only if either λ > µ,
A ≥ 0 and C ≥ 0 or λ < µ, A ≤ 0 and B ≤ 0.
(2) The function Hα,β;λ,µ(t) is decreasing on (0,∞) if and only if either λ < µ,
A ≥ 0 and B ≥ 0 or λ > µ, A ≤ 0 and C ≤ 0.
(3) The function Hα,β;λ,µ(t) is increasing on (−∞, 0) if and only if either λ >
µ, A ≥ 0 and E ≥ 0 or λ < µ, A ≤ 0 and D ≤ 0.
(4) The function Hα,β;λ,µ(t) is decreasing on (−∞, 0) if and only if either λ >
µ, A ≤ 0 and E ≤ 0 or λ < µ, A ≥ 0 and D ≥ 0.
(5) The function Hα,β;λ,µ(t) is increasing on (−∞,∞) if and only if either
λ > µ, C ≥ 0 and E ≥ 0 or λ < µ, B ≤ 0 and D ≤ 0.
(6) The function Hα,β;λ,µ(t) is decreasing on (−∞,∞) if and only if either
λ > µ, C ≤ 0 and E ≤ 0 or λ < µ, B ≥ 0 and D ≥ 0.
(7) The function Hα,β;λ,µ(t) on (−∞,∞) is logarithmically convex if
α−β
λ−µ > 1
or logarithmically concave if 0 < α−βλ−µ < 1.
(8) The function Hα,β;λ,µ(t) is 3-log-convex on (0,∞) and 3-log-concave on
(−∞, 0) if either λ − µ > α − β > 0 or α − β < λ − µ < 0; The function
Hα,β;λ,µ(t) is 3-log-concave on (0,∞) and 3-log-convex on (−∞, 0) if either
α− β > λ− µ > 0 or λ− µ < α− β < 0.
Theorem 2. For positive numbers r, s, u and v with (r, s) 6= (u, v), (r, s) 6= (v, u),
r 6= s and u 6= v, let
A = ln
rs
uv
ln
r
s
, B =
(
ln
rs
u2
−
∣∣∣∣ln rs
∣∣∣∣
)
ln
r
s
, C =
(
ln
rs
u2
+
∣∣∣∣ln rs
∣∣∣∣
)
ln
r
s
,
D =
(
ln
rs
v2
+
∣∣∣∣ln rs
∣∣∣∣
)
ln
r
s
, E =
(
ln
rs
v2
−
∣∣∣∣ln rs
∣∣∣∣
)
ln
r
s
.
Then the function Pr,s;u,v(t) has the following properties:
(1) The function Pr,s;u,v(t) is increasing on (0,∞) if and only if either u > v,
A ≥ 0 and C ≥ 0 or u < v, A ≤ 0 and B ≤ 0.
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(2) The function Pr,s;u,v(t) is decreasing on (0,∞) if and only if either u < v,
A ≥ 0 and B ≥ 0 or u > v, A ≤ 0 and C ≤ 0.
(3) The function Pr,s;u,v(t) is increasing on (−∞, 0) if and only if u > v, A ≥ 0
and E ≥ 0, or u < v, A ≤ 0 and D ≤ 0.
(4) The function Pr,s;u,v(t) is decreasing on (−∞, 0) if and only if either u > v,
A ≤ 0 and E ≤ 0 or u < v, A ≥ 0 and D ≥ 0.
(5) The function Pr,s;u,v(t) is increasing on (−∞,∞) if and only if either u > v,
C ≥ 0 and E ≥ 0 or u < v, B ≤ 0 and D ≤ 0.
(6) The function Pr,s;u,v(t) is decreasing on (−∞,∞) if and only if either u >
v, C ≤ 0 and E ≤ 0 or u < v, B ≥ 0 and D ≥ 0.
(7) The function Pr,s;u,v(t) on (−∞,∞) is logarithmically convex if
ln(r/s)
ln(u/v) > 1
or logarithmically concave if 0 < ln(r/s)ln(u/v) < 1.
(8) The function Pr,s;u,v(t) is 3-log-convex on (0,∞) and 3-log-concave on
(−∞, 0) if uv >
r
s > 1 or
r
s <
u
v < 1; The function Pr,s;u,v(t) is 3-log-
concave on (0,∞) and 3-log-convex on (−∞, 0) if rs >
u
v > 1 or
u
v <
r
s < 1.
Remark 1. The monotonicity of the functions Hα,β;λ,µ(t) and Pr,s;u,v(t) can be
described by Table 1.
Remark 2. In [28, Remark 2.1] it was remarked that the function Qα,β(t) can not
be either 4-log-convex or 4-log-concave in either (−∞, 0) or (0,∞), saying nothing
of (−∞,∞). Therefore, neither Hα,β;λ,µ(t) nor Pr,s;u,v(t) is either 4-log-convex or
4-log-concave on either (−∞, 0) or (0,∞), saying nothing of (−∞,∞).
2. Proofs of theorems
Proof of Theorem 1. For t 6= 0, the function Hα,β;λ,µ(t) can rewritten as
Hα,β;λ,µ(t) =
e(α−λ)t − e(β−λ)t
1− e(µ−λ)t
=
e−
α−λ
µ−λ
w − e−
β−λ
µ−λ
w
1− e−w
=
e−Aw − e−Bw
1− e−w
,
where
A =
α− λ
µ− λ
, B =
β − λ
µ− λ
, w = (λ− µ)t. (15)
Differentiating with respect to t yields
H ′α,β;λ,µ(t) = (λ− µ)Q
′
A,B(w), (16)
[lnHα,β;λ,µ(t)]
′′ =
[
H ′α,β;λ,µ(t)
Hα,β;λ,µ(t)
]
′
= (λ− µ)
d
dt
[
Q′A,B(w)
QA,B(w)
]
= (λ− µ)2
[
Q′A,B(w)
QA,B(w)
]
′
= (λ− µ)2[lnQA,B(w)]
′′
(17)
and
[lnHα,β;λ,µ(t)]
′′′ = (λ− µ)3
[
Q′A,B(w)
QA,B(w)
]
′′
= (λ − µ)3[lnQA,B(w)]
′′′. (18)
By virtue of [25, Theorem 2] (see also [11, Theorem 3.1] and [41, Lemma 1]) and
the second order derivative (17), it is easy to deduce that the function Hα,β;λ,µ(t)
is logarithmically convex if β−αµ−λ > 1 and logarithmically concave if 0 <
β−α
µ−λ < 1
on (−∞,∞).
By virtue of [28, Theorem 1.1] and the third order derivative (18), it is not
difficult to obtain that
(1) if λ > µ and 1 > β−αµ−λ > 0, then Hα,β;λ,µ(t) is 3-log-convex on (0,∞) and
3-log-concave on (−∞, 0);
T
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Table 1. Monotoncity of the functions Hα,β;λ,µ(t) and Pr,s;u,v(t)
Intervals Monotonicities A or A B or B C or C D or D E or E λ and µ or u and v
(0,∞) increasing ≥ 0 ≥ 0 λ > µ or u > v
(0,∞) increasing ≤ 0 ≤ 0 λ < µ or u < v
(0,∞) decreasing ≥ 0 ≥ 0 λ < µ or u < v
(0,∞) decreasing ≤ 0 ≤ 0 λ > µ or u > v
(−∞, 0) increasing ≥ 0 ≥ 0 λ > µ or u > v
(−∞, 0) increasing ≤ 0 ≤ 0 λ < µ or u < v
(−∞, 0) decreasing ≤ 0 ≤ 0 λ > µ or u > v
(−∞, 0) decreasing ≥ 0 ≥ 0 λ < µ or u < v
(−∞,∞) increasing ≥ 0 ≥ 0 λ > µ or u > v
(−∞,∞) increasing ≤ 0 ≤ 0 λ < µ or u < v
(−∞,∞) decreasing ≤ 0 ≤ 0 λ > µ or u > v
(−∞,∞) decreasing ≥ 0 ≥ 0 λ < µ or u < v
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(2) if λ > µ and β−αµ−λ > 1, then Hα,β;λ,µ(t) is 3-log-concave on (0,∞) and
3-log-convex on (−∞, 0);
(3) if λ < µ and 1 > β−αµ−λ > 0, then Hα,β;λ,µ(t) is 3-log-concave on (0,∞) and
3-log-convex on (−∞, 0);
(4) if λ < µ and β−αµ−λ > 1, then Hα,β;λ,µ(t) is 3-log-convex on (0,∞) and
3-log-concave on (−∞, 0).
Direct computation gives
(B −A)(1 −A−B) =
A
(λ− µ)2
;
(B −A)(|A−B| −A−B) =


B
(λ− µ)2
, λ < µ,
C
(λ− µ)2
, λ > µ;
(B −A)(2 − |A−B| −A−B) =


D
(λ− µ)2
, λ < µ,
E
(λ− µ)2
, λ > µ.
Consequently, utilization of [11, Theorem 2.3], [25, Corallary 1] and the first order
derivative (16) yields the following conclusions:
(1) The function Hα,β;λ,µ(t) is increasing on (0,∞) if and only if λ > µ, A ≥ 0
and C ≥ 0; The function Hα,β;λ,µ(t) is decreasing on (0,∞) if and only if
λ < µ, A ≥ 0 and B ≥ 0.
(2) The function Hα,β;λ,µ(t) is decreasing on (0,∞) if and only if λ > µ, A ≤ 0
and C ≤ 0; The function Hα,β;λ,µ(t) is increasing on (0,∞) if and only if
λ < µ, A ≤ 0 and B ≤ 0.
(3) The function Hα,β;λ,µ(t) is increasing on (−∞, 0) if and only if λ > µ,
A ≥ 0 and E ≥ 0; The function Hα,β;λ,µ(t) is decreasing on (−∞, 0) if and
only if λ < µ, A ≥ 0 and D ≥ 0.
(4) The function Hα,β;λ,µ(t) is decreasing on (−∞, 0) if and only if λ > µ,
A ≤ 0 and E ≤ 0; The function Hα,β;λ,µ(t) is increasing on (−∞, 0) if and
only if λ < µ, A ≤ 0 and D ≤ 0.
(5) The function Hα,β;λ,µ(t) is increasing on (−∞,∞) if and only if λ > µ,
C ≥ 0 and E ≥ 0; The function Hα,β;λ,µ(t) is decreasing on (−∞,∞) if and
only if λ < µ, B ≥ 0 and D ≥ 0.
(6) The function Hα,β;λ,µ(t) is decreasing on (−∞,∞) if and only if λ > µ,
C ≤ 0 and E ≤ 0. The function Hα,β;λ,µ(t) is increasing on (−∞,∞) if and
only if λ < µ, B ≤ 0 and D ≤ 0.
The proof of Theorem 1 is complete. 
Proof of Theorem 2. This follows directly from the combination of Theorem 1 with
equations in (8). Theorem 2 is proved. 
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